Let P n be the n-th perfect power. In this article we obtain asymptotic formulae for the sum n i=1 P i . We also prove the following formulae
Introduction and Preliminary Results
A natural number of the form m n where m is a positive integer and n ≥ 2 is called a perfect power. The first few terms of the integer sequence of perfect powers are 1, 4, 8, 9, 16, 25, 27, 32, 36, 49, 64, 81, 100, 121, 125, 128 . . . Let P n be the n-th perfect power. Jakimczuk [1] proved the following asymptotic formula
Equation (1) implies, as is well-known, that the series
converges. Equation (1) gives P n ∼ n.
Equation (2) implies that the series
diverges. In the next section we study this divergent series.
A quadratfrei number is a number without square factors, a product of different primes. The first few terms of the integer sequence of quadratfrei numbers are 1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29, 30, . . .
On the other hand, the Möbius function μ(n) is defined as follows: μ(1) = 1, if n is the product of r different primes, then μ(n) = (−1) r , if the square of a prime divides n, then μ(n) = 0.
Jakimczuk [1] proved the following more strong theorem. 
where q denotes a quadratfrei number. Note that 2 = 1 + .
For example, if h = 4 then Theorem 1.1 becomes 
Using Theorem 1.1 in the next section we obtain asymptotic formulae for the sum n i=1 P i . Finally, in the next section, we prove a general theorem and as corollary we obtain the following limit 
Main Results
where q denotes a quadratfrei number. Note that 3 = 2 + . Proof. Equation (3) can be written in the following schematic form
where
Note that in equation (7) the left side is a sum of areas of rectangles of basis 1 and height i α . Therefore, the integral aproximates this sum with error O (n α ) since x α is a function strictly increasing.
Therefore, from a certain value of n we have
Finally, substituting equation (7) and equation (8) into (6) we obtain equation (5). The theorem is proved.
Corollary 2.2 We have
For example, if h = 4 then we have (see (5)) . Now, we prove the following general theorem.
Theorem 2.3 If A n is a strictly increasing sequence of positive integers such that
A n ∼ cn
then the following formulae hold
Proof. Equation (9) is
where f (n) → 1. Consequently
where g(n) → 0. Therefore
Now, we have
log x+O(log n) = n log n−n+O(log n) = n log n−n+o(n) (13)
On the other hand, there exist n 0 such that if i ≥ n 0 we have |g(i)| < . Consequently
Equations (12), (13) and (14) give
Equation (15) gives
Equations (11) and (15) give
Equation (10) is an immediate consequence of equation (16). The theorem is proved.
If A n = P n then equation (1) give us the following corollary.
Corollary 2.4 The following formulae hold
n i=1 log P i = 2n log n − 2n + o(n), n i=1 P i = n 2n e (2+o(1))n , lim n→∞ n √ P 1 · · · P n P n = 1 e 2 .
Theorem 2.5 The following asymptotic formula holds
where C is a constant.
Proof. We have (see the proof of Lemma 5 in [1] )
where f (n) → 1. Therefore
We have the following equation
where lim
Equations (18) and (19) give us
It is well-known the equation (see [2] , page 95)
where γ is called Euler's constant.
Equations (20) and (21) give
Note that from a certain value of i we have 0 < h(i) < h (h > 1). Consequently
. Now, the series
converges, since 4/3 > 1. Therefore
Equations (22) and (23) give (17) with C = γ + E. The theorem is proved.
Theorem 2.6
The following asymptotic formula holds
Proof. We have (see (17) and (11))
where f (n) → 0. If we write g(P n ) = f (n) then equation (25) becomes
If P n ≤ x < P n+1 let us consider the function g(x) = g(P n ). We have
If P n ≤ x < P n+1 let us consider the function
log P n . Since
We have (see (11)) log P n = 2 log n + h(n), where h(n) → 0. Therefore (mean value Theorem) 1 2 log P n+1 − 1 2 log P n = 1 2 (2 log(n + 1) + h(n + 1) − 2 log n − h(n)) = (log(n + 1) − log n) + 1 2 h(n + 1) − 1 2 h(n) = 1 n + (n) + 1 2 h(n + 1)
Equations (29) and (28) 
If P n ≤ x < P n+1 we have (see (26))
Equation ( 
